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MATHEMATICS FOR ECONOMISTS AND STATISTICIANS
This paper consists of two Sections: A and B.

Each Section carries 50% of the total marks.

Section A is divided into three sub-sections and candidates are required to
answer a total of SIX questions, with at least one question from each sub-
section.

Section B is divided into three sub-sections and candidates are required to an-
swer a total of THREE questions, with one question from each sub-section.
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Section A: Answer six questions from this section

Sub-section A.I: Answer at least one question from this sub-section

1. Answer all parts.

(a) Let A be an n x m matrix. Show that tr(ATA) = 37" 37", af),
where tr(-) denotes the trace of a matrix.

(b) Let A and B be two matrices such that AB and BA are well
defined. Show that tr(AB) = tr(BA).

2. Answer all parts

(a) Let S = {(x1, 22, 23) € R? 10z, + 325 = 0}. Find a collection of
linearly independent vectors in R3 whose span is S. Can any
x € R? be expressed as a linear combination of the linearly inde-
pendent vectors you found? Explain your answer.

(b) Let z = (1,4,—-2)T and y = (-2,-3,7)" and z = (4,1, 23)". For
what value(s) of z3 is 2z in the span of z and y?

3. Consider the following quadratic form for z = (z1,29,73)7 € R3,
Q(x) = 322 + 223 + 23 + 4x179 + 47073

(a) Find the symmetric matrix A which represents this quadratic
form, i.e. satisfies Q(z) = = Az.

(b) Determine whether Q(-) is positive semi definite. (Hint. 2 is an
eigenvalue of A.)



Sub-section A.1l: Answer at least one question from this sub-section

4. Answer all parts.

(a) Show that yIn(2 + y?) is an increasing function of y on (0, 00).
(b) Let F(z,y) =z +yIn(z® + 3* + 1), and consider the curve

F(z,y)=1+1n3

on the positive quadrant of the z-y plane (i.e., where z > 0,y > 0).

i. Show that the only point (z,y) on this curve with z = 1 is
the point (1,1).
ii. Find the slope of the tangent line to this curve at x = 1.

5. Let P(x) = 2* + Ax3 + Ba? + Cz — 3, where A, B, C are constants.
P(x) P(z)
z2-1 x2—1

Suppose that the limits lim, ., and lim,_, 4 exist, are finite,

and that P P
lim (m) = lim (I)

=12 —1 a——122—-1

Evaluate A, B, C.

6. Suppose that the capital stock k of an economy evolves as

dk(t)

T =y(t) — Bt

where the production function is
y(t) = atk(t)
y(+) is output, ¢ denotes time, and a and /3 are constants. Solve to find

the expression for the economy’s capital stock as a function of time ¢
and initial capital stock ky. What is the steady state capital stock?

TURN OVER



Sub-section A.IIl: Answer at least one question from this sub-section

7. Consider the equation U = x] + xJ. An econometrician has estimated
v using n observations and concludes that ~y is asymptotically normally
distributed with mean 7 and variance 0?/n. Find the aymptotic mean
and variance of U when z; = 2 and zo = 3?7 Explain your answer.
(Hint. Consider a first-order Taylor expansion of U and recall that for

da®

a scalar a, G- = a”Ina.)

8. Consider the following data from 50 Bernoulli trials.

0010010000
0101110000
1010001000
0000000001
1000010100

Let 6 be the probability of observing a one for any single trial.

(a) Find the likelihood of any sequence of s trials containing y ones.

(b) If the prior on # is uniform such that p(f) = 1, find an expression
for the posterior distribution for € after the first 10 trials above.
What is the maximum likelihood estimator of 67

(c) Find an expression for the posterior after another 30 trails above.
In what sense has the prior been updated?

9. Suppose X,, and Y,, are two estimators for #, a real number. Suppose
EX, =0, Var (X,) = cn™!, where c is a real positive constant, EY,, =
6 +n~' and Var (Y,) =n"".

(a) Compute the mean square error of X,, and of Y,, about 6.

(b) Using the mean square error criterion, for what values of ¢ will
you choose X,, over Y,,?



Section B: Answer three questions from this section

Sub-section B.I: Answer only one question from this sub-section

10. Answer all parts
(a) Consider the following system of equations,

—3r+4y = 8
6r+ty = s

where ¢ and s are scalars. Find values of ¢t and s so that
i. the system has a solution,
ii. the system has no solution, and

iii. the system has infinitely many solutions.

Provide a geometric interpretation for each of the above cases.

(b) A linear transformation is a mapping T : R" — R™, where n >
1,m > 1, such that for any x € R", y € R", and scalar ¢, T'(z +
y) =T(x)+T(y) and T(cx) = cT(x).

i. Show that T(Xr, cxa®) = Son | e, T(z*) for any scalars ¢
and ¥ € R", k = 1,..., K and that T(0,x1) = Oux1, Where
0,,x1 denotes the zero vector in R™ and 0,,,x; denotes the zero
vector in R™.

ii. Which of the mappings f!' : R® — R3, f? : R? — R2
2 R? - R, and f* : R® — R? given below are linear
transformations? Explain your answers.

1 1 T T+ 1
1 _ 2 1 _ 2
f i2 = 1(3)2 ’f(x2>_(x1—xg—2)’
3
x
3 L) 2 4 xl _ [ 1t
) b {Ez 2!E1 — T3

iii. For each linear transformation f you identify above, provide
an appropriate matrix A such that f(z) = Ax.

iv. Let 7' : R® — R™ and T? : R™ — RP, where p > 1, be
linear transformations. Show that 7% : R® — RP defined by
T3(z) = T*(T*(x)) for z € R" is a linear transformation.

TURN OVER



11. Answer all parts.

(a) Consider the following equation system where Y and r are endoge-
neous variables and b, G, I°, a, m, M°, h, and M* are exogeneous
parameters.

Y(1-b)—-G=1°—ar
mY + M° — hr = M?
i. Write the equation system in matrix form and provide condi-

tions on the exogeneous parameters so that this system can
be solved uniquely for Y and r.

ii. Solve for Y and r using Cramer’s rule under these conditions.
iii. Determine the effect on Y and r of a change AG in G.

(b) Consider the following definition: a set X C R"™, where n > 1,
is convexr if Az + (1 — Ny € X whenever z € X, y € X, and
0< A< 1.

i. Show that R? = {z € R"|z; > 0,i=1,...,n} is convex.
ii. Let p € R" with p; > 0,2 = 1,...,n, and let w > 0 be a
scalar. Show that B(p,w) is convex, where

B(p,w) = {z € R} ’pT:USw}.

min{u(z),u(y)}, whenever z € R}, y € R}, and 0 < A < 1.
Show that D(p,w;u) is convex, where

iii. Suppose the function u : R} — R satisfies u( Az + (1 —\)y) >

D(p,w;u) = {z € B(p,w) [u(z) = u(y) for all y € B(p,w)}.

(c) Suppose A is a n x n matrix which satisfies AA = A.

i. Show that A is non-singular if and only if A = I, where [ is
the identity matrix.

ii. Show that all eigenvalues of A are 0 or 1.



12.

Subsection B.II: Answer only one question from this sub-section

A central planner controls an economy with two sectors, producing
21 > 0 and z9 > 0. This economy is small relative to the rest of the
world and so takes as given the world prices p; > 0 and py > 0 for the
goods. Labour is the only input and is available in fixed total amount
L° > 0. The production functions in the two sectors are

T, = alLl{
Ty = CLQLS
where L1y > 0 and L, > 0 denote labour input in sectors 1 and 2

respectively, a; > 0, as > 0, and 0 < b < 1. Suppose the planner
wishes to maximize the value of national output at these world prices.

(a) State the planner’s problem and find the optimum labour input
for each sector. Explain your answer.

(b) What is the effect on the value of national output of a small change
in labour supply? Explain your answer.

(c) What is the effect on the value of national output of a small change
in the world price p;? Explain your answer.



13. Suppose we order a continuum population according to increasing in-
come, i.e. we represent the society with the interval [0,1]. For any
fraction r € [0, 1], let

r) total income of the bottom r of the population
g(r) = .

total income of the whole society

For example, ¢(0.1) is the share of the bottom 10% of the society.
Assume that ¢ is differentiable with a continuous derivative.

(a) Show that g is a convex function.

(b) Suppose that the income distribution in this society is given by
the continuous density function f(w) = K//w with support (0, 4],
and suppose that F' is the associated cumulative distribution so
that

F(w) = fraction of the population with income less than w

i. Evaluate K.
ii. Find the median income in this society.
iii. Find the average income.

(c) The Gini index G of this society is defined as the area between
the graphs of the line y = z and the curve y = g(z), i.e. G =
fol (x — g(z))dz. Evaluate the Gini index of this society.

TURN OVER



Sub-section B.III: Answer only one question from this sub-section

14. Let Xy, Xs, ..., X,, denote a sequence of i.i.d. random variables with
finite mean E(X) and variance c%. Let

Sn — Z?:l XZ
n

(a) Show that for any ¢ > 0

lim P(|S, — E(X)| > £) =0,

n—oo

i.e. S, converges in probability to E(X).
(b) Suppose € > 0 and answer the following.
i. Given 6 > 0 find n such that

P(S, —E(X)[<e) 21 -4

ii. For ¢ = 0.1o0x and 6 = 0.001, find n so that S, is within
+0.1ox of E(X) with probability at least 0.999.

(¢) Using a suitable normalisation of S,, — F(X) and the Central Limit
Theorem, find an approximation to P(|S, — E(X)| < ¢), where
e > 0.

(d) For X; ~ Bernoulli(p), where E(X) = p, find n large enough
such that
P(|S, — p| < 0.1) > 0.95.



15. A random variable y has the probability density function

f(y):{(1—9)+29y for 0 <y < 1

0 otherwise

with —1 < 6 < 1. There are n observations y;, ¢ = 1,...,n, drawn
independently from this distribution.

(a) Derive the cumulative distribution function of y and the expected
value of y.

(b) Write the expected value of y as a function of 6 and use this to
suggest an estimator for # based on the sample mean 7.

(c) Write the log-likelihood function for 6 and derive the first-order
condition for the maximum likelihood estimator of 6.

END OF PAPER.



